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In a decentralized cooperative-control regime, individual vehicles autonomously compute their required control

inputs to achieve a group objective. Controlling formations of individual vehicles is one application of decentralized

cooperative control. In this paper, cooperative-control schemes are developed for a multivehicle formation problem

with information flow modeled by leader–follower subsystems. Control laws are developed to drive position and

velocity errors between vehicle pairs to zero. The general control law for the ith vehicle tracks its lead vehicle’s

position and velocity, as well as a reference position and velocity that the whole formation follows. Rate-estimation

schemes are developed for the general control law using both Luenberger-observer and passive-filtering estimation

methods. It is shown that these estimation methods are complicated by the effects that the estimated rates have on

formation stability. Finally, the development of a rate-free controller is presented, which does not require state

information from other vehicles in the formation. The control schemes are simulated for a five-vehicle formation and

are compared for stability and formation convergence.

I. Introduction

C OOPERATIVE control involves the control of a group of
entities that are working collectively to meet a common

objective. This is an emerging area of research with widespread
application to problems in several engineering disciplines. The basis
of a cooperative-control scheme lies within the ability to take state
information from individual entities and their surrounding
environments for use in determining appropriate control inputs to
the different vehicles. Understanding the dynamic behavior that
governs these entities is key to designing cooperative-control laws
that will influence how entities interact to achieve a desired goal.

Decentralized cooperative control is a subset of cooperative
control in which vehicles share information with other vehicles and
autonomously determine their own control inputs to achieve a group
objective. In many applications, the entities only communicate with
their nearest neighbors, rather than with all vehicles in a system. A
decentralized-control regime is typically considered superior tomore
traditional centralized controllers; a central control authority would
use state and environmental information to determine the control
inputs for each individual vehicle. This is an effective method for
controlling a small number of vehicles, but centralized control
becomes computationally inefficient as the number of entities gets
larger. Moreover, decentralization is more robust to communication
failures and structural reconfigurations [1].

Some of the research in the area of decentralized cooperative
systems has focused on formation control, and this research has
varied greatly. Feddema et al. [2] demonstrate the applicability of

decentralized-control theory to cooperative robotic vehicles to
achieve a desired formation. In that paper, they address whether
large-scale decentralized techniques can be used to control multiple
robotic vehicles when the system is modeled as a large-dimensional
interconnected system. Other solutions to the vehicle-formation
problem have included using dynamic inversion [3] or structural
potential functions [4].

One particular path for vehicle formation-control research was to
develop control laws for overlapping subsystems. Formations can be
modeled as interconnected and overlapping subsystems, due to the
common leader–follower information structure in vehicle
formations. The underlying concept for controller design is the
ability to expand the overlapping systems into a higher-dimensional
space in which the subsystems appear to be decoupled. The
controllers are then designed in the expanded space and contracted
back to the original space for implementation [5–7]. Stipanović et al.
[8] used this method to design cooperative control laws for a planar
unmanned-aerial-vehicle (UAV) formation.

In this paper, control-law design and stability of multivehicle
formations is explored.We take advantage of the differential-flatness
property of a commonly used nonlinear vehicle model, which allows
the vehicle motion to be described using a linear form [9–11]. The
control-law design is then approached from an error-dynamics
perspective in which the form of the vehicle model is exploited to
formulate error variables between neighboring vehicles in the
formation. In addition to the control-law design, two rate-estimation
techniques are explored. Using rate estimates complicates the
nonlinear-to-linear model transformation, and stability is difficult to
analyze. To deal with this problem, rate-estimation equations are
designed using the linear-model representation and then formation
stability is explored using simulation results. Finally, a rate-free
control law is designed, which does not require state information
from other vehicles in the formation to implement.

The major contributions of this paper are the straightforward
formation-control design for an accelerating formation using the
linear form of the vehicle model; the exploration of the rate-
estimation techniques and challenges associated with the nonlinear
model; the rate-free control-law development, including an
asymptotic stability proof of the rate-free control law using
Lyapunov theory; and, finally, the comparison of these control
techniques for a multivehicle formation. Section II of the paper
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describes the nonlinear vehicle model and the differential-flatness
property that enables the nonlinear-model transformation to a linear
form. Section III presents the development of the general controller,
including the form of the system error dynamics, and rate-estimation
techniques are presented in Sec. IV. The development of the rate-free
controller is in Sec. V. Simulation results using both the simple
nonlinear model and a six-degree-of-freedom UAV model are
presented in Sec. VI, followed by conclusions in Sec. VII.

II. Vehicle Model

In this section, a commonly used nonlinear kinematics model is
presented that represents a vehicle with zero or negligible velocity in
the direction perpendicular to the vehicle’s heading.

_x� v cos ; _y� v sin ; _ � ! (1)

where x and y are the vehicle’s position in the 2-D plane, v is the
velocity in the direction of motion,  is the heading angle relative to
the x axis, and ! is the angular turn rate of the vehicle. The velocity
and angular turn rate are assumed to be the control inputs to the
vehicle. Figure 1 shows the vehicle position and orientation in the
inertial reference frame.

The vehicle model in Eq. (1) is an underactuated systemwith three
states and two controls. However, the vehicle model is affine in
control with codimension one (three states and two controls), and
thus themodel is differentiallyflat, withflat outputs x and y [12]. As a
result of the differential-flatness property, the state  and the two
control inputs can be written as functions of the flat outputs and their
derivatives, as shown next.

v�
����������������
_x2 � _y2
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The second derivatives of the flat outputs are the highest derivatives
that appear in the controls v and!. Therefore, new control inputs can
be defined as � �x; �y� � �u;w�. This transformation enables the
nonlinear system in Eq. (1) to be represented as uncoupled double
integrators.
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Thus, the control-law design is made easier by the transformation to
the linear representation. It should be noted that Eq. (3) is not a linear
approximation of the nonlinear vehicle model, but an exact linear
representation. The behavior of the differentially flat system enables
the design of arbitrary trajectories in the flat-output �x; y� space,
which can then be mapped to the appropriate inputs, as indicated in
Eq. (2) [13].

III. Control-Law Development

In this paper, we focus on a leader–follower communication
structure for the decentralized formation-control problem. Figure 2
shows a five-vehicle formation in which each leader–follower
vehicle pair is denoted by the dashed lines, and communication flow
is shown by the arrows between vehicles. For example, V2 receives

state information from its lead V1, and V3 receives information from
V2. V1 will be referred to as the formation lead. Figure 2 shows two
vehicle platoons; the formation-control laws for each platoon can be
implemented independently. The vehicle indices in the next
development are consistent with platoon 1; however, all develop-
ment is also applicable to platoon 2.

The design focus is on the internal stability of the formation (i.e.,
the ability to achieve and maintain a desired formation). The control
laws are developed by defining error variables between the leader–
follower vehicle pairs, as shown next. The defined errors are in the x
direction only. Because of the uncoupled nature of the equations of
motion, the development is identical in the y direction.

e1�xr�x1�d1; _e1� _xr� _x1; �e1� �xr� �x1� �xr�u1 (4a)

e2�x1�x2�d2; _e2� _x1� _x2; �e2� �x1� �x2�u1�u2 � � �
(4b)

ei�xi�1�xi�di; _ei� _xi�1� _xi; �ei� �xi�1� �xi�ui�1�ui
(4c)

The formation lead tracks a reference trajectory xr at some constant
distance d1, as denoted by the e1 equation; e2 is the relative error
between vehicles 1 and 2 separated by some constant distanced2; and
the error equations can be generalized for the ith vehicle, as already
shown.

The control objective is to design control inputsui that stabilize the
error dynamics for a system of n vehicles described by the
differential equation _e� Ae� BU.

e � e1 _e1 e2 _e2 � � � en _en
� �

T ;

U� �xr u1 u2 � � � un
� �

T � �xr u
� �

T
(5)

A�

0 1 0 0 � � � 0 0

0 0 0 0 � � � 0 0

0 0 0 1 � � � 0 0

0 0 0 0 � � � 0 0

..

. ..
. ..

. ..
. . .

. ..
. ..

.

0 0 0 0 � � � 0 1

0 0 0 0 � � � 0 0

2
666666664

3
777777775
;

B�

0 0 0 � � � 0 0

1 �1 0 � � � 0 0

0 0 0 � � � 0 0

0 1 �1 � � � 0 0

..

. ..
. ..

. . .
. ..

. ..
.

0 0 0 � � � 0 0

0 0 0 � � � 1 �1

2
666666664

3
777777775

(6)

where A is a 2n � 2n matrix, and B is a 2n � �n� 1� matrix.

x

y
ψ

i

j

v

Fig. 1 Vehicle position and orientation in the x–y plane.

V1

V2

V3

V4V5

V1

V2

V3

V4V5

Platoon 1: V1, V2, V3

Platoon 2: V1, V4, V5

Fig. 2 Leader–follower communication structure for a multivehicle

formation [8].
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The following form is assumed for the control inputs ui.

u �

kp1 kv1 0 0 � � � 0 0

0 0 kp2 kv2 � � � 0 0
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2
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3
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The ith control law can be generalized, and the terms are expanded
using the definitions for the error terms in Eq. (4).

ui � kpiei � kvi _ei � cpi�e1 � e2 � � � � � ei�
� cvi� _e1 � _e2 � � � � � _ei� � �xr � kpi �xi�1 � xi � di�

� kvi� _xi�1 � _xi� � cpi
�
xr � xi �

Xi
j�1

dj

�

� cvi� _xr � _xi� � �xr (8)

Because of the selected leader–follower communication structure,
the homogeneous error dynamics always have a lower-diagonal
block form. The closed-loop characteristic polynomial can then be
determined from the diagonal blocks. Therefore, the characteristic
polynomial of the closed-loop error dynamics has the following
form, and the equivalent eigenvalues are easily found.

Yn
i�1
�s2 � �kvi � cvi �s� �kpi � cpi�	 � 0

) �i1;2 ��
�kvi � cvi�

2



������������������������������������������������������
�kvi � cvi�2 � 4�kpi � cpi �

q
2

(9)

Based upon the form of the general control law in Eq. (8), some
specific control-gain choices are presented here.

1) For case 1, kp, kv ≠ 0 and cp, cv � 0. For this choice of gains,
each vehicle tracks its lead vehicle’s position and velocity.

2) For case 2, kp, kv � 0 and cp, cv ≠ 0. In this case, each vehicle
tracks the reference position and velocity of the formation leader,
rather than its assigned lead vehicle’s position and velocity.
Therefore, it would be assumed in this case that each vehicle knows
the reference trajectory of the formation lead, as well as its desired
separation from the reference trajectory.

3) For case 3, kp, kv, cv ≠ 0 and cp � 0. Case 3 combines some of
the behaviors in the previous two cases: the ith vehicle tracks its
lead’s position and velocity and the reference velocity.

4) For case 4, kp, kv, cp, cv ≠ 0. In this case, the control law
combines both reference-trajectory and lead-vehicle tracking
schemes.

Case 4 leads to both lead-vehicle and reference-trajectory tracking
strategies in which the gains are chosen based upon the desired
weighting of each strategy. Case 1 may be used if the reference
trajectory is not known by all vehicles in the formation, whereas
case 2 may be chosen if lead-vehicle information is unavailable.

IV. Rate Estimation

The previous control-law developments require both position and
rate information from the ith vehicle. In addition, position and rate
information from the assigned lead-vehicle and reference-trajectory
position and rate information are required for control implementation
in case 4. In this section, we explore control-law implementation
without direct measurements of vehicle rates _x and _y. In many
aerospace applications, full-state measurement eliminates the need
for rate estimation, but our interest in this development stems from
vehicle applications with limited sensor packages, such as small
robotic vehicles or inexpensive, easily deployable UAVs.

When rates are known, the computation of the control inputs in the
nonlinear form is straightforward using u and w from the linear
control design. However, this relationship is complicated if rates are
unknown. If the vehicle velocity v is a state in the nonlinear vehicle
representation in Eq. (1), then _v can be considered to be a control
input that describes the behavior of v. A linear transformation T
relates the control inputs for the nonlinear representation _v and! to u
and w.

_v
!

� �
� 1

v

_x _y
� _y
v

_x
v

� �
u
w

� �
� T� _x; _y� u

w

� �
; v�

����������������
_x2 � _y2

p
(10)

However, when rate estimates for _x and _y, denoted as _̂x and _̂y, are
used to compute the original controls, estimation dynamics are added
to the system response, as shown next.
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!

� �
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" #
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2

q

(11)

From afirst-order linearization ofT� _̂x; _̂y� about _x and _y, it can be seen
that a rate-estimation scheme adds error terms to the control
transformation. These error terms are related to the errors between
the actual and estimated rates.
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These rate-estimation errors are amplified through the Jacobian of the
transformation evaluated at the true rates. Because the stability of the
preceding transformation is difficult to determine analytically, rate-
estimation schemes are designed using the double-integrator model
in Eq. (3). System stability is then evaluated using simulation results
for the nonlinear system using the control transformation with rate
estimates in Eq. (11).

Vehicle rate estimation is explored in two ways: first, a
Luenberger-observermethod is presented,which is a straightforward
derivation, given the linear vehicle model and the control-law form
described in Eq. (8); second, a first-order passive filter of the position
states is explored.

A. Luenberger Observer

Rate estimation using a Luenberger observer [14] is an alternative
to measuring all required states using onboard sensing. The general
control law for the ith vehicle in Eq. (8) requires the following state
information: xi, _xi, xi�1, _xi�1, xr, and _xr. Our objective is to estimate

the vehicle rates _xi and _xi�1, which will be denoted as _̂xi and _̂xi�1,
respectively. In addition, it is assumed that the (i � 1)th vehicle
communicates its own rate estimate to the ith vehicle. Note that
estimating the rate of the (i� 1)th vehicle onboard the ith vehicle
would not meet the leader–follower communication structure that
was previously defined, because the ith vehiclewould then need state
information from all of the preceding vehicles to implement the
observer.

The closed-loop equations of motion for the ith vehicle are next
described in matrix form for full-state knowledge.
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_xi

�xi

" #
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0 1

��kpi � cpi � 0
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0 ��kvi � cvi�
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2
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�kpidi � cpi
P

i
j�1 dj

" #
(13)

Equation (13) is rewritten in the following matrix notation.

_x i � �A1 � A2�xi � B1xi � B2xr � B3 (14)

where the A1 matrix represents the kinematics and contains the
position gains from the control law, and A2 contains the velocity
gains. The A1 and A2 matrices are divided into terms that will act on
known states and terms that will act on estimated states. The B1

matrix is the input matrix from the (i � 1)th vehicle, the B2 matrix is
the input matrix for the reference-trajectory states, and the B3 matrix
represents the distances of the ith vehicle from both its lead
vehicle and the reference trajectory. The vectors in this matrix

representation are defined as xi � �xi; _xi	T , xi�1 � �xi�1; _̂xi�1	T , and
xr � �xr; _xr; �xr	T .

In developing the state estimator for the ith vehicle, it is assumed
that the vehicle position is known and the measured position xim can
be represented by a linear equation.

xim � Cxi; C� 1 0
� �

(15)

Then the closed-loop estimator can bewritten by replacing xi with x̂i
and by adding an error term between the estimated and the measured
quantities. The estimation-gain matrix Li is selected to drive the
estimated states to the actual states.

_̂xi � �A1 � A2�x̂i � B1xi�1 � B2xr � B3 � Li�xim � Cx̂i�
� �A1 � A2 � LiC�x̂i � B1xi�1 � B2xr � B3 � LiCxi (16)

From Eqs. (14) and (16), the equations for the feedback system to

estimate both xi and _xi can be determined; the rate estimate _̂xi is used
in place of _xi in the feedback control law. The overall system of
equations for the ith vehicle has the following form.

_xi
_̂xi

" #
�

A1 A2

LiC A1 � A2 � LiC

" #
xi

x̂i

" #
�

B1

B1

" #
xi�1

�
B2

B2

" #
xr �

B3

B3

" #
(17)

Note that only the kinematics term in thematrixA1 acts on _xi, and the
position-gain term acts on xi, which is known. The matrix A2 only
acts on the rate term in x̂i, which is an estimated quantity. The top row
of Eq. (17) represents the vehicle dynamics responding to the control
input with estimated rates, and the bottom row is the onboard filter
that determines the estimated states.

The stability of the closed-loop control law with the filter in
Eq. (17) can be evaluated using the eigenvalues of thematrix that acts
on �xi; x̂i	T . Stability is achieved if the estimation-gain matrix Li is
chosen such that the estimation filter is faster than the closed-loop
dynamics. The eigenvalues for the overall system of n vehicles are
equal to the union of the eigenvalues of each individual vehicle
system, as shown in Eq. (17). The system eigenvalues are shown
next.

�i1;2 �
��kvi � cvi �

2



������������������������������������������������������
�kvi � cvi�2 � 4�kpi � cpi�

q
2

;

�i3;4 �
�Li1
2



��������������������������������������������������
L2
i1
� 4�kpi � cpi � Li2�

q
2

; Li � �Li1Li2 	T

(18)

Thus, the rate-estimation scheme leads to the following general
control form.

ui � kpi �xi�1 � xi � di� � kvi� _̂xi�1 � _̂xi�

� cpi
�
xr � xi �

Xi
j�1

dj

�
� cvi � _xr � _̂xi� (19)

When there is no error in the initial-rate estimates (i.e., the estimated
and true rates are equal at time zero), the formation behavior is
identical to the behavior with known states, because the Luenberger
observer is an exact estimate of the closed-loop vehicle response.

B. Passivity Filter

Using a passivity filter is another method for estimating rate
information. There are several examples in the literature of using
passive filters to estimate rate information for control of robotic
manipulators and attitude stabilization [15–17]. These concepts are
used here to develop an expression to estimate vehicle rates. The
passive filter has the form shown next, where the vehicle position is
filtered using a fictitious state �i.

_� i ���i�i � kixi (20)

The position xi in the filter equation is equivalent to a function of the
reference trajectory and position errors:

xi � xr � e1 � e2 � � � � � ei �
Xi
j�1

dj

When the n-vehicle formation has reached its desired formation, all
of the spacing errors ei are zero and

xi � xr �
Xi
j�1

dj

Assuming that xr has a constant acceleration, we can substitute

xi �
1

2
�xrt

2 � _xr�0�t�
Xi
j�1

dj

and a solution for �i�t� can be found.

�i�t� � Ce��it �
ki
2�i

�xrt
2 �

�
ki _xr�0�
�i
� ki
�2i

�xr

�
t

�
�
�
ki
P

i
j�1 dj

�i
� ki _xr�0�

�2i
� ki
�3i

�xr

�
� Ce��it

� ki
�i

�
1

2
�xrt

2 � _xr�0�t �
Xi
j�1

dj

�
� ki
�2i
� �xrt� _xr�0��

� ki
�3i

�xr � Ce��it �
ki
�i
xi �

ki
�2i

_xr �
ki
�3i

�xr (21)

As t becomes large, Ce��it becomes small; thus, this term can be
neglected. The reference velocity _xr is equal to _xi when the position
errors have gone to zero, and because �i lags xi, the next equation is
an estimate of _xi.

_̂x i � _xr � �ixi �
�2i
ki
�i �

1

�i
�xr (22)

WEITZ, HURTADO, AND SINCLAIR 973



As was the case in the Luenberger-observer design, the passivity
filters can be designed for the individual vehicles, and the overall
system stability is guaranteed, given individual vehicle stability. The
next equation shows the closed-loop state and passivity-filter
equations for the ith vehicle, where _xi was replaced with Eq. (22).

_xi
�xi
_�i

2
4

3
5

�
0 1 0

��kpi � cpi� � �i�kvi � cvi� 0
�2i
ki
�kvi � cvi�

ki 0 ��i

2
4

3
5 xi

_xi
�i

2
4

3
5

�
0 0

kpi kvi
0 0

2
4

3
5 xi�1

_̂xi�1

� �
�

0 0 0

cpi cvi 1 � �kvi�cvi �
�i

0 0 0

2
4

3
5 xr

_xr
�xr

2
4

3
5

�
0

�kpidi � cpi
P

i
j�1 dj

0

2
4

3
5

(23)

The eigenvalues of Eq. (23) do not have a concise analytical form;
however, the characteristic equation is

s3 � �is2 � ��kpi � cpi� � �i�kvi � cvi�	s� �kpi � cpi��i � 0

Routh–Hurwitz analysis indicates that for stability, �i > 0, and ki has
no bounds because it does not appear in the characteristic equation.

V. Rate-Free Control

Passive filtering can also be used to implement rate-free control
laws that do not require rate information for implementation [15,18].
In this case, our motivation is to design a control law that is self-
contained (i.e., does not require state information from other vehicles
and does not require onboard rate sensing). The derivation begins by
redefining the position error of the ith vehicle relative to the reference
trajectory.

�i�xr�xi�
Xi
j�1

dj; _�i� _xr� _xi; ��i� �xr� �xi� �xr�ui (24)

In addition, the error equations are augmented with a first-order filter
of the position error �i.

_� i ���i�i � ki�i (25)

Lyapunov stability theory [19] was used to determine an appropriate
controller to drive the system to its equilibrium state, where error �i is
zero.

V��i; _�i; �i� �
�i
2
�2i �

1

2
_�2i �

1

2
���i�i � ki�i�2 (26)

It is easily verified that V � 0 at �i � _�i ���i�i � ki�i � 0. The
design parameter �i was added to influence the system performance.
The time derivative of Eq. (26) introduces the control input ui.

_V��i; _�i; �i; _�i� � �i�i _�i � _�i ��i � ���i�i � ki�i����i _�i � ki _�i�
� _�i��i�i � �xr � ui � ki�i�i � k2i �i� � �i���i�i � ki�i�2 (27)

Stability requires that _V � 0, and a control is selected to achieve this
result.

ui � ��i � k2i ��i � ki�i�i � �xr

� ��i � k2i �
�
xr � xi �

Xi
j�1

dj

�
� ki�i�i � �xr (28)

We see that ui requires position xi, reference xr, and filter-state �i
information only. This controller development has eliminated the

need for rate information in the control input. For this choice of ui,
the first term in Eq. (27) is equal to zero, which leaves

_V ���i���i�i � ki�i�2 � 0

The condition _V � 0 indicates local stability around the equilibrium
states of �i, _�i, and �i; however, by taking higher derivatives of V,
we are able to determine that �i, _�i, and �i go to zero asymptotically
(see the Appendix). This proof of asymptotic stability is an
alternative to checking the closed-loop eigenvalues of the state and
filter equations.

Whereas the control input does not require rate information, the
rates _xi must still be estimated to compute the original controls v and

! in Eq. (2). The first-order filter of position used to determine _̂xi in
the previous section can be implemented here to estimate the rates.
The closed-loop rate-free control law augmented with the two first-
order filters is shown next. Here, the gains on the position-error filter
shown in Eq. (25) are denoted by subscript 1, and the gains on the
position filter in Eq. (20) are denoted by subscript 2.

_xi
�xi
_�i
_�i

2
664

3
775�

0 1 0 0

���i � k2i1� 0 �ki1�i1 0

�ki1 0 ��i1 0

ki2 0 0 ��i2

2
664

3
775

xi
_xi
�i
�i

2
664

3
775

�

0 0 0

��i � k2i1� 0 1

ki1 0 0

0 0 0

2
664

3
775

xr
_xr
�xr

2
4

3
5�

0

���i � k2i1�
P

i
j�1 dj

�ki1
P

i
j�1 dj

0

2
664

3
775
(29)

Again, the eigenvalues do not have a concise analytical form. Routh–
Hurwitz analysis of the characteristic equation

s4 � ��i1 � �i2�s3 � ��i1�i2 � �i � k2i1�s
2

� ���i1 � �i2��i � �i2k2i1�	s� �i1�i2�i � 0

becomes quite complicated; however, design parameters may be
chosen to satisfy the necessary condition for stability in which all of
the coefficients in the characteristic equation must be positive.

VI. Simulation Results

Simulation results are presented here to demonstrate the control-
lawperformance. First, a nondimensional example is presented using
the full-state-measurement, rate-estimation, and rate-free control
laws presented in Secs. III, IV, and V. Second, simulation results are
presented for a formation of UAVs using the full-state measurement
control law to demonstrate the applicability of the decentralized
formation controller to a realistic UAV application.

A. Nondimensional Simulation Results

The simulation results presented here are intended to demon-
strate the performance characteristics of the different formation-
control schemes; therefore, the user must appropriately design the
control gains and reference trajectory of the formation for a specific
vehicle application. All units will be in terms of distance units (DU)
and time units (TU) to eliminate any relation to a specific
application.

In all simulations in this section, the reference trajectory of the
formation from the origin is xr � 1

2
�xrt

2 � _xr�0�t, where �xr � 1 and
_xr�0� � 0:5. These values were chosen such that the formation lead
vehicle travels one DU in one TU. The desired separation between
vehicles in the x and y directions is 0.1 DU.

1. Full-State Measurement Control

A five-vehicle formation was simulated for the four gain cases
described in Sec. III. Figure 3 shows the �x; y� positions of the
vehicles over one TU.Note that the vehicles are traveling from left to
right in the figure, and each vehicle has initial position and velocity
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errors. The eigenvalues of the characteristic equation were chosen to
be equal in all control-gain cases. Although it is difficult to detect in
the figure, there are some slight differences in the performance of
each control law. These differences are expected, due to the different
forms of the closed-loop error dynamics for each gain case. Whereas
identical eigenvalues provide the same decay rates for each solution,
each gain case has a unique closed-loop form with unique
eigenvectors, which leads to variations in the performance of each
controller.

Table 1 shows the convergence times for each control law and the
minimum separation between vehicle pairs in the formation, inwhich
the desired separation is

���������������
2�0:1�2

p
� 0:1414 DU. We have defined

the convergence time as the time when the four trailing vehicles are
within 10% of their desired separation from their leads. We see that
for these gain choices, case 1 provides the fastest convergence and
case 3 is the slowest to converge; however, the differences in the table
are quite small, and changes to the gains may not result in the same
performance trends as those shown here. Further gain tuning could
provide desired performance for any of these control choices.
Whereas active collision avoidance was not investigated in the
control-law design, gain selection and initial vehicle conditions
directly affect the aggressiveness of the formation convergence. The
gains chosen in this example were selected to provide reasonable
separation between the vehicles during convergence. However, in a
case of poor initial conditions, the gains could be chosen to make the
lead vehicle quickly converge to the reference trajectory, vehicles 2
and 4 less aggressive than the lead, and vehicles 3 and 5 less
aggressive than vehicles 2 and 4.

Additionally, the gains used here were selected to limit vehicle
accelerations to 1:2 DU=TU2 (20% greater than the desired
acceleration) and to limit angular turn rates to 90 deg =TU. These
were arbitrarily chosen limits; however, the gains can be adjusted to
achieve any desired acceleration and turn-rate constraints.

2. Rate-Estimation Control

a. Luenberger-Observer Estimation Method. Simulation re-
sults were used to evaluate the rate-estimation scheme for initial filter
errors in the vehicle rates. The estimation-gain matrices Li were
identical for each vehicle and were chosen such that the state
estimators were at least 10 times faster than the closed-loop
dynamics. Figure 4 shows one example of the formation
convergence (for case 4) with initial-rate inputs to the estimation
filter randomly perturbed using a normal distribution with a variance
of 0:10 DU=TU. The top plot in Fig. 4 shows �x; y� positions over
5 TU. Formation convergence was achieved in 4.44 TU, with a
minimum separation of 0.1210 DU.

Although not necessarily evident in the preceding figure, the
commanded velocities and heading angles are highly oscillatory, due
to the estimation dynamics from the transformation in Eq. (11). The
estimation dynamics induce a phase shift between the estimated and
actual vehicle rates, which causes oscillatory behavior of both the
estimated and true rates. This behavior is evident in Fig. 5, which
shows the separation between vehicle pairs. Despite the oscillatory
behavior, the oscillations are lightly damped and the estimated
vehicle rates eventually converge to the actual rates. In a practical
application, an additional filter of the control commands could
reduce the highly oscillatory motion.

One hundred simulations were run for perturbed initial rate
estimates with a variance of 0:10 DU=TU. Fifty-five of the
simulations converged in an average of 4.21 TU, which indicates
that, on average, the formation converges more slowly for estimated
rates than when the actual rates are used in the control law. The
remaining simulations converged in more than 20 TU, and some of
these simulations took as long as 1000 TU to converge using the
convergence criteria defined previously. Hence, the transformation
in Eq. (11) leads to undesired behavior when rate estimates are
determined using a Luenberger observer. In addition, some of the
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Fig. 3 Simulation results for the general formation-control laws with different gain choices.

Table 1 Control-law convergence and minimum-separation results

Case no. Gains Convergence time, TU Minimum separation, DU

1 kp, kv ≠ 0 and cp, cv � 0 1.99 0.1165
2 kp, kv � 0 and cp, cv ≠ 0 2.40 0.1247
3 kp, kv, cv ≠ 0 and cp � 0 3.40 0.1097
4 kp, kv, cp, cv ≠ 0 2.08 0.1208
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cases violated the acceleration and turn-rate limits, which indicates
that the control gains would need to be less aggressive in the rate-
estimate case.

b. Passive-Filtering Estimation Method. In the nonlinear-
model implementation of the passive filter, the formation stability is
sensitive to the initial guesses for �i. The desired value of �i�0� can
be calculated from Eq. (22) and then perturbed by a random error,
with some variance to investigate the formation stability around the
initial condition for �i. For a variance of 0:10 DU=TU and ki � 5,
the formation does converge to the desired formation; however, there
are large oscillations in the vehicle positions, causing the vehicle
paths to cross. Improved performance is achieved by increasing ki to
50. An example of this result is shown in Fig. 6, in which the
formation converges to the desired formation in 1.60 TU, with a
minimum separation of 0.1396 DU. Over 100 simulations, the
average convergence time is 1.50 TU, which means that the passive-
filtering technique provides faster convergence for this set of gains
than when true rates are known.

In the case that there are no errors on the initial filter states, the
value of ki does not influence the results. However, this gain directly
affects the stability and performance of the passive-filter system
when there are initial errors in�i. This result is obvious fromEq. (22),
in which larger values of ki decrease the contribution of �i in the

calculation of _̂xi. In addition, the passive filter does not display any of
the oscillatory behavior that was shown for the Luenberger-observer
estimation scheme.

3. Rate-Free Control

The rate-free controller performance is demonstrated in Fig. 7 for
5 TU. Here, the gains �i2 and ki2 remained the same as in the passive-
filter implementation, and the gains �i1 , ki1 , and �i were tuned to limit
the acceleration and turn rates to the previously specified conditions.
In this case, the initial conditions for�iwere set to zero, and the initial
conditions for �i were perturbed from the desired values using a
random error. Because of the more sluggish behavior of the rate-free
controller, the variance on the errors in �i�0� was increased to 0.50
from 0:10 DU=TU in the previous section. For these conditions, the
formation converged in 10.79 TU, with a minimum separation of
0.0862 DU. Out of 100 simulations, all of the initial conditions
yielded stable formations, with an average convergence time of
11.41 TU. Vehicle separation is more of a concern with the rate-free
controller, due to the lack of state information from other vehicles;
therefore, gains must be carefully selected based upon the initial
formation to provide adequate separation.

B. UAV Simulation Results

TheUCAV6 aircraft model, which is roughly a 60%-scale version
of the AV-8B Harrier Aircraft [20,21], was used to simulate a
formation of five UAVs. A six-degree-of-freedom state-space
aircraft model was obtained by linearizing a nonlinear simulation
model about a steady, level, trimmed flight condition (the trim angle
of attack is �1 � 4:35 deg, the trim velocity is V1 � 128:7 m=s, the
trim elevator deflection is �e1 � 7:5 deg, and the trim engine thrust is
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55%). The vectors of aircraft states and inputs are shown next.

x � �X �Y �Z u v w p q r � 	  
� �

T

The states �X, �Y, and �Z are perturbations in the aircraft position; u,
v, andw are perturbations in the body-fixed velocities;p, q, and r are
perturbations in the body-fixed angular velocities; and�, 	, and are
Euler angles.

u � �e �T �a �r
� �

T

where �a and �r are aileron and rudder deflections.
Velocity and heading-angle commands come from the integration

of the _v and ! control inputs, described in Eq. (10), that are
determined using the full-state-measurement control law (case 4).An
optimal nonzero-set-point controller is then used to steer the aircraft
states to track the commanded velocity and heading-angle
commands from the formation controller [20,21]. The velocity in
the body-fixed y axis is regulated to zero to meet the negligible side-
slip assumption from the simplified kinematic model in Eq. (1).

The first vehicle in the formation follows a constant-velocity
reference trajectory in the x direction from �x; y� � �0; 0� with
_xr � V1t, and the desired separation between vehicles is 100 m in
both the x and y directions. Formation results are presented in Fig. 8.
The formation converges in 93 s, with a minimum vehicle separation
of 137m. The distances between the vehicle pairs are shown in Fig. 9,
in which the vehicles converge to the desired formation from a more

widespread initial configuration. Results indicate little overshoot of
the desired separation, and thus vehicle collisions are not a concern.

Other state histories are shown in Figs. 10–12. Altitude
perturbations are not presented, but deviations were limited to

0:2 m from the trim altitude. All perturbed states went to zero, as
expected. Formation control and nonzero-set-point gains were
selected to limit control-surface deflections, as shown in Fig. 13. All
control-surface deflections are reasonable for UAV performance.

0 2000 4000 6000 8000 10000 12000 14000 16000
−800

−600

−400

−200

0

200

400

600

800

x (m)

y 
(m

)

 

 

V
3

V
2

V
1

V
4

V
5

t = 0 s

t = 20 s

t = 120 st = 80 s t = 100 s

t = 40 s

t = 60 s

Fig. 8 UAV formation.

0 20 40 60 80 100 120

100

150

200

250

300

350

400

Time (sec)

V
eh

ic
le

−P
ai

r 
S

ep
ar

at
io

n 
 (

m
)

 

 

V  V
2

V
2
 −  V

3

V
1
 −  V

4

V
4

−  V
5

Desired Separation =141.4 meters

1 −

Fig. 9 Separation between vehicle pairs.

0 20 40 60 80 100 120
−5

0

5

Time (sec)

u 
(m

/s
)

 

 
V

1

V
2

V
3

V
4

V
5

0 20 40 60 80 100 120

−0.2   

0

0.2

Time (sec)

v 
(m

/s
)

0 20 40 60 80 100 120
−0.2

0

0.2

Time (sec)
w

 (
m

/s
)

Fig. 10 UAV states: body-fixed velocity perturbations.

0 20 40 60 80 100 120
−4
 −2

0
2
4

Time (sec)

p 
(d

eg
/s

ec
)

 

 

V
1

V
2

V
3

V
4

V
5

0 20 40 60 80 100 120
−4
−2
0
2
4

x 10
−3

Time (sec)

q 
(d

eg
/s

ec
)

0 20 40 60 80 100 120
−1

−0.5
0

0.5
1

Time (sec)

r 
(d

eg
/s

ec
)

Fig. 11 UAV states: body-fixed angular-velocity perturbations.

0 20 40 60 80 100 120
−10

0

10

Time (sec)

φ 
(d

eg
)

 

 
V

1

V
2

V
3

V
4

V
5

0 20 40 60 80 100 120
−0.05

0

0.05

Time (sec)

θ 
(d

eg
)

0 20 40 60 80 100 120
−10

0

10

Time (sec)

ψ
 (

de
g)

Fig. 12 UAV states: Euler angles.

WEITZ, HURTADO, AND SINCLAIR 977



VII. Conclusions

Thispaper focusedondecentralizedcooperative-control design for
amultivehicle formationprobleminwhich thevehiclesweremodeled
using a nonlinear, differentiallyflat, form. Exploiting the differential-
flatness properties of the model led to a linear representation of the
vehicle model from which position and velocity errors were defined
using a leader–follower communication structure. A general control
form for an accelerating formationwas derived,which contains terms
to track both the reference trajectory and the assigned lead-vehicle
states. Control gains can be selected to implement a desired tracking
strategy and bound control inputs to desired limits.

In addition, two rate-estimation techniques were examined
(Luenberger observer and passive filtering) for the case when rate
information was not known. Rate estimation provided a challenge in
the transformation of the controls in the linear representation to the
controls in the nonlinear form. Estimation dynamics influenced the
system behavior and were related to the errors between the estimated
and actual states. In the rate-estimation case, stability was difficult to
quantify. To deal with this challenge, the rate-estimation schemes
were designed using the linear model, and simulation results were
used to examine stability results. The Luenberger-observer results
exhibited oscillatory behavior, due to the rate estimates in the control
transformation, whereas the passive filter did not exhibit any
oscillatory behavior. In the rate-estimation case, the passive filter is
superior to the Luenberger observer in both convergence
performance and efficiency.

Finally, a rate-free controller was developed that does not include
rate information in the control form.Coupledwith the passivefilter to
estimate vehicle rates, the formation convergence wasmore sluggish
than when rates were included in the control law. However, the
sluggish behavior permits greater errors in the initial filter states, thus
providing a more robust solution than the Luenberger-observer and
passive-filtering schemes when subjected to initial rate-estimation
errors. The rate-free control law does not require information from
other vehicles in the formation, which can cause concern in vehicle
separation; however, gains can be chosen to limit control inputs to
provide adequate separation throughout convergence.

Simulation results were presented to demonstrate formation
convergence for a nondimensional example using the simple
nonlinear model. In addition, simulation results were presented to
demonstrate the applicability of the decentralized formation-control
law to a six-degree-of-freedom UAV model.

Appendix: Proof of Asymptotic Stability for
Rate-Free Control

Junkins and Kim [19] and Mukherjee and Chen [22] explored
asymptotic stability for autonomous systems using higher
derivatives of the Lyapunov function. The theorem presented in
the references states that a sufficient condition for asymptotic

stability when V > 0 and _V � 0 for all states in the region � is that
the derivatives of V are equal to zero on Z, up to some even order,
where Z is the set of points at which _V is equal to zero, and the first
nonzero derivative ofV is of odd order and is negative definite for all
points on Z. The objective is to prove that _V is negative definite and
_V � 0 for all of the equilibrium points.
The linear equations of motion for the rate-free system are restated

next (the vehicle index i was dropped for notational simplicity).

_������ k�; ��� �xr � u (A1)

An equilibrium solution of Eq. (A1) is given by �� 0, _�� 0, and
�� 0. For the Lyapunov function

V � �
2
�2 � 1

2
_�2 � 1

2
����� k��2

with u� �� � k2�� � �k�� �xr, the time derivative of V was found
to be negative semidefinite.

_V �������� k��2 � 0 (A2)

The set Z is defined, where _V � 0.

Z� f� 2 <; _� 2 <; ����� k�� � 0g

The second derivative of V is zero when evaluated on Z, whereas the
third derivative is a quadratic function of _�.

V�3�jZ ��2������ k����� ��� k���jZ � 2��� _�� k_��2jZ
��2�������� k�� � k_�	2jZ ��2�k2 _�2

� 0 (A3)

Here, it can be seen thatV�3� < 0 for all _� ≠ 0, but this expression still
does not reveal anything about �. A new set is defined,

Znew � f� 2 <; _�� 0; ����� k�� � 0g

such that the third derivative is equal to zero, and higher derivatives
of V are taken. The fourth derivative of V is equal to zero when eval-
uated onZnew, whereas thefifth derivative is a quadratic function of �.

V�5�jZnew ��4�k2���2 � _���3�	jZnew
��4�k2� �xr � u�2jZnew
��4�k2� �xr � �� � k2��� �k� � �xr	2jZnew
��4�k2���� � k2��� k�k��	2jZnew
��4�k2�����2 < 0 8 � ≠ 0 (A4)

From Eq. (A4), which is an odd, nonzero derivative of V, we can
conclude that _V � 0 only at the equilibrium points: �, _�, and �� 0.
Therefore, _V is negative definite, which implies that �, _�, and �
asymptotically approach their equilibrium points.
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